x(t) X(s) X(2)

1 =0,
= ﬁ{ri-{u (=kT.k # 0 ! 1
1 t=kT.
2. E — k = . -kTs -k
S and Z- el PP, = :
3. u(t). unit step s . i 1
Transform -
ix=1)
1 b | al 2s* Txg+1)
dlIe ‘ =1
I z
6. e~
‘ s+a > - r—-r
7.1 = e~ a (1 —e"'"r}z
+ s(s + a) (2=1)s = &™)
8. e 1 Tze™"
(s +a) (z — ey
9. Pe™ 8 TPe ™ Tz(z + ™)
+ (s + a) (z — e T)
10. be™ — ge™ (b—a)s 2|z2(b = a) = (be™" — ae™")]
. (s+a)(s+b) (z— E-"T]{z _ E-br)
i @ z sin @l
ll- ol ¥ 3 ~
- St 2*—2zcos wT +1
12. cos wt s 2(z = cos wT)
. s+ o 22 — 2z cos wT + 1
13. e™ sin et - w0 (ze™7 sin wT)
‘ (s +af + o’ 22 —2z¢™7 cos wT + ™7
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Solutions To Quiz 8



Ql:

9K
10s2+4+6s+9K

If the closed loop transfer function is given as T(s) =

What does the root locus of the closed-loop system look like?



Solution:
The closedloop pole must satisfy 10s% + 6s + 9K = 0

Note that the root is given as
B —6 + /36 — 360K

> T 20

This infers the root locus.




Q2

Consider the z-transform of a sequence:

X(2)=z*A+2z7H1-2z7H(a +z7H

What is the sequence x(k)?



Solution

X(z)=z2(1+2z7Y)(1-2z"1)(14+2z71) = X(2)
X(2)=z%2+z3—4z7%—4z7>

This infers x(k), i.e.,
x(0)=x(1)=0,
x(2)=x(3)=1,
x(4)=x(5)=-4,
X(k)=0 for k>5



> > 1+ 10s =

YO

* Plot the root locus of the system in z-plane.

e Find the range of K, which makes the system stable.

Fall, 2024 Prof. Wenbo He@CAS, McMaster



o ’ > 1+10s

Yo

Answer - Tsis

b

* Open-loop function is

KG(s) =

1—eST[K(1+ 10s)
S S?

e Applying the z-transform, we obtain
10.5K(z — 0.9048)
KG(z) =

(z - 1)

e Compute the break in point:
dG(z)  10.5K N
dz  (z—1)2 (z—1)2

z = 0.81

(-2) X 105K (z = 0.9048) _



z—1 _[K( +10s) z—1 [1 10
KG(Z): Z / 53 = K ~ / S_3_|_S_2
g 2
KG(Z)—KZ_l 5T Z(Z+1)+ 10Tz

B Z (z—1)3 (z — 1)

Since T=1, we get

1 ' 1
KG(z) = k21 7Z(Z+1)+ 10z —K7(Z+1)+ 10
YT ey T @0zt
1
5(z+1)+10(z—1) 10.52 — 9.5 10.5K(z — 0.9048)
KG(2) =K =K =

(z - 1) (z - 1) (z - 1)



A
This is the root locus of the system ___.

At the point A, the system is “

-

Unit circle

marginally stable. To get the ) Va -
corresponding K, we need to  Pointa”
have 1 + KG(z) = 0 when \
z = —1. “

10.5K (z—0.9048)
(z—1)?

_ 10.5K(—1.9048)

= =—1 =>

4

Z=-—1

Hence, the stability rangeis 0 < K < 0.2.

Double pole

atz =

Zero at
z=0.9048



Q4

’ W



Note;:

Time Shifting Property of Z-Transform -
x(n + k)TZkX(Z)
x(n — k)—z%X(2)

If the initial conditions are not neglected, then -

Zlx(n + k)] = "X (2) — z* z x(i)z™

1=0

k-1

Zlx(n — k)] = z7¥X(2) + 27 Z x(=0)z!

=0



Solve y[k + 2] — 5y[k + 1] + 6y[k] = 0, where y[0] = 0, y[1] = 2.
Z{ylk + 2]} —5Z{ylk + 1]} + 6Z{y[k]} = 0O
Taking z transforms:
2?Y (z2) — zy[0] — zy[1] — 52Y (2) + 5zy[0] +6Y (2) = 0
Rearranging and using initial conditions:

(22 — 5z +6)Y(2) = 2z

2z
Y —
()= 5. 46
Using partial fractions:
2 2
Y(z)= —+
(2) z2— 3 =z 2

Using inverse transforms straight from the table to get the solution:

ylk] =2 x 38 — 2 x 2*

Fall, 2024 Prof. Wenbo He@CAS, McMaster
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