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Q1: 

If the closed loop transfer function is given as 𝑇𝑇 𝑠𝑠 = 9𝐾𝐾
10𝑠𝑠2+6𝑠𝑠+9𝐾𝐾

What does the root locus of the closed-loop system look like?
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Solution:

The closedloop pole must satisfy 10𝑠𝑠2 + 6𝑠𝑠 + 9𝐾𝐾 = 0

Note that the root is given as 

𝑠𝑠 =
−6 ± 36 − 360𝐾𝐾

20
This infers the root locus.
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Q2

Consider the z-transform of a sequence: 

𝑋𝑋(𝑧𝑧) = 𝑧𝑧−2(1 + 2𝑧𝑧−1)(1 − 2𝑧𝑧−1)(1 + 𝑧𝑧−1)

What is the sequence 𝑥𝑥(𝑘𝑘)?
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Solution

𝑋𝑋 𝑧𝑧 = 𝑧𝑧−2 1 + 2𝑧𝑧−1 1 − 2𝑧𝑧−1 1 + 𝑧𝑧−1 = 𝑋𝑋 𝑧𝑧

𝑋𝑋(𝑧𝑧) = 𝑧𝑧−2 + 𝑧𝑧−3 − 4𝑧𝑧−4 − 4𝑧𝑧−5

This infers x(k), i.e., 
x(0)=x(1)=0, 
x(2)=x(3)=1, 
x(4)=x(5)=-4, 
x(k)=0 for k>5
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Q3

• Plot the root locus of the system in z-plane.

• Find the range of 𝐾𝐾, which makes the system stable.
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Answer

• Open-loop function is

𝐾𝐾𝐺𝐺 𝑠𝑠 =
1 − 𝑒𝑒−𝑠𝑠𝑠𝑠

𝑠𝑠
𝐾𝐾(1 + 10𝑠𝑠)

𝑠𝑠2
• Applying the z-transform, we obtain

𝐾𝐾𝐺𝐺 𝑧𝑧 =
10.5𝐾𝐾(𝑧𝑧 − 0.9048)

(𝑧𝑧 − 1)2
• Compute the break in point:

𝑑𝑑𝐺𝐺 𝑧𝑧
𝑑𝑑𝑧𝑧

=
10.5𝐾𝐾

(𝑧𝑧 − 1)2
+

(−2) × 10.5𝐾𝐾(𝑧𝑧 − 0.9048)
(𝑧𝑧 − 1)2

= 0
𝑧𝑧 = 0.81
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𝐾𝐾𝐺𝐺 𝑧𝑧 =
𝑧𝑧 − 1
𝑧𝑧

𝑍𝑍
𝐾𝐾(1 + 10𝑠𝑠)

𝑠𝑠3
= 𝐾𝐾

𝑧𝑧 − 1
𝑧𝑧

𝑍𝑍
1
𝑠𝑠3

+
10
𝑠𝑠2

𝐾𝐾𝐺𝐺 𝑧𝑧 = 𝐾𝐾
𝑧𝑧 − 1
𝑧𝑧

1
2𝑇𝑇

2𝑧𝑧(𝑧𝑧 + 1)
(𝑧𝑧 − 1)3

+
10𝑇𝑇𝑧𝑧

(𝑧𝑧 − 1)2

Since T=1, we get 

𝐾𝐾𝐺𝐺 𝑧𝑧 = 𝐾𝐾
𝑧𝑧 − 1
𝑧𝑧

1
2 𝑧𝑧(𝑧𝑧 + 1)
(𝑧𝑧 − 1)3

+
10𝑧𝑧

(𝑧𝑧 − 1)2
= 𝐾𝐾

1
2 (𝑧𝑧 + 1)
(𝑧𝑧 − 1)2

+
10
𝑧𝑧 − 1

𝐾𝐾𝐺𝐺 𝑧𝑧 = 𝐾𝐾
1
2 𝑧𝑧 + 1 + 10(𝑧𝑧 − 1)

(𝑧𝑧 − 1)2
= 𝐾𝐾

10.5𝑧𝑧 − 9.5
(𝑧𝑧 − 1)2

=
10.5𝐾𝐾(𝑧𝑧 − 0.9048)

(𝑧𝑧 − 1)2
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This is the root locus of the system

At the point A, the system is 
marginally stable. To get the 
corresponding 𝐾𝐾, we need to 
have 1 + 𝐾𝐾𝐺𝐺 𝑧𝑧 = 0 when 
𝑧𝑧 = −1.

�10.5𝐾𝐾(𝑧𝑧−0.9048)
(𝑧𝑧−1)2 𝑧𝑧=−1

= 10.5𝐾𝐾(−1.9048)
4

= −1  𝐾𝐾 = 0.2

Hence, the stability range is 0 < 𝐾𝐾 < 0.2.



Q4:

Use Z transform to solve y(k), if y(k+2)-5y(k+1)+6(k)=0, where y(0)=0 
and y(1)=2.
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Note:

Fall, 2024 Prof. Wenbo He@CAS, McMaster 12

Time Shifting Property of Z-Transform
𝑥𝑥 𝑛𝑛 + 𝑘𝑘

𝑍𝑍𝑠𝑠
𝑧𝑧𝑘𝑘𝑋𝑋 𝑧𝑧

𝑥𝑥(𝑛𝑛 − 𝑘𝑘)
𝑍𝑍𝑠𝑠

𝑧𝑧−𝑘𝑘𝑋𝑋 𝑧𝑧

If the initial conditions are not neglected, then

𝑍𝑍 𝑥𝑥 𝑛𝑛 + 𝑘𝑘 = 𝑧𝑧𝑘𝑘𝑋𝑋 𝑧𝑧 − 𝑧𝑧𝑘𝑘 �
𝑖𝑖=0

𝑘𝑘−1

𝑥𝑥 𝑖𝑖 𝑧𝑧−𝑖𝑖

𝑍𝑍 𝑥𝑥 𝑛𝑛 − 𝑘𝑘 = 𝑧𝑧−𝑘𝑘𝑋𝑋 𝑧𝑧 + 𝑧𝑧−𝑘𝑘 �
𝑖𝑖=0

𝑘𝑘−1

𝑥𝑥(−𝑖𝑖)𝑧𝑧𝑖𝑖
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