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LINEAR CURVE-FITTING (REVIEW)

HTTPS://BRADLEYBOEHMKE.GITHUB.IO/HOML/REGULARIZED-REGRESSION.HTML
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https://bradleyboehmke.github.io/HOML/regularized-regression.html


ORDINARY LEAST SQUARES (1 DIMENSION)
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ORDINARY LEAST SQUARES (D DIMENSIONS)

http://www.cs.cornell.edu/courses/cs4758/2013sp/materials/cs4758-lin-regression.pdf

• ASSUME 𝑥 ∈ ℝ𝑑, 𝑦 ∈ ℝ

• INSTEAD OF A LINE, 
WE NEED TO FIT A HYPERPLANE!

• HYPERPLANE EQUATION:

• ො𝑦 = 𝑤0 + σ𝑗=1
𝑑 𝑤𝑗𝑥𝑗 =  𝑤0 + 𝑤1𝑥1  + 𝑤2𝑥2 … + 𝑤𝑑𝑥𝑑

• 𝑤0 - THE 𝑦-INTERCEPT (THE BIAS)
                                                                HTTP://WWW.CS.CORNELL.EDU/COURSES/CS4758/2013SP/MATERIALS/CS4758-LIN-REGRESSION.PDF

http://www.cs.cornell.edu/courses/cs4758/2013sp/materials/cs4758-lin-regression.pdf


EXAMPLE

• ESTIMATE THE PRICE OF OIL BASED ON TWO PROPERTIES:

• (1) PRICE OF GOLD AND (2) WORLD GDP

• 𝑥 ∈ ?

• INPUT DATA: 𝑥𝑖 , 𝑦𝑖
𝑖=1

𝑛

• ො𝑦 = 𝑤0 + 𝑤1𝑥1 + 𝑤2𝑥2

• FIND 𝑤0, 𝑤1, 𝑤2 THAT GIVE THE BEST ESTIMATE



ORDINARY LEAST SQUARES (D-DIMENSIONS)

• SIMPLIFICATION: HOMOGENEOUS HYPERPLANES 

• 𝑤0 = 0

• ො𝑦 = 𝑤1𝑥1  + 𝑤2𝑥2 … + 𝑤𝑑𝑥𝑑

• ො𝑦 = 𝑤, 𝑥 = 𝑤𝑇𝑥 = 𝑥𝑇𝑤,           𝑤 = (𝑤1, … , 𝑤𝑑)     

• FIND/LEARN 𝑤𝑗’S FROM THE DATA

MIN
𝑤1,…,𝑤𝑑∈ℝ
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OPTIMIZE DIRECTLY?

MIN
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MATRIX FORM OLS 

(ORDINARY LEAST SQUARES)

• X𝑛×𝑑 =
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1
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𝑦1

…
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, 𝑊𝑑×1 =

𝑤1

…
𝑤𝑑



PREDICTION IN VECTOR FORM 

• FIND/LEARN W𝑑×1 FROM THE DATA (SOON)

• GIVEN 𝑥 AND W = W𝑑×1, WHAT SHOULD ො𝑦 BE?

• ො𝑦 = 



FINDING W

• OBJECTIVE: σ𝑖=1
𝑛 𝑦𝑖 − 𝑦𝑖

2
= σ𝑖=1

𝑛 𝑤, 𝑥𝑖 − 𝑦𝑖 2
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…
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1
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𝑛
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…
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=
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…
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FINDING W

• Δ =
Δ1

…
Δ𝑛

=
𝑥1

1 ⋯ 𝑥𝑑
1

⋮ ⋱ ⋮
𝑥1

𝑛 ⋯ 𝑥𝑑
𝑛

𝑤1

…
𝑤𝑑

−
𝑦1

…
𝑦𝑛

• OBJECTIVE FUNCTION: σ𝑖=1
𝑛 (Δ𝑖)2

• MIN
𝑊∈ℝ𝑑×1

σ𝑖=1
𝑛 Δ𝑖

2 = MIN
𝑊∈ℝ𝑑×1

∆, ∆ = MIN
𝑊∈ℝ𝑑×1

Δ 2
2 =

𝒎𝒊𝒏
𝑾∈ℝ𝒅×𝟏

‖𝑿𝑾 − 𝒀‖𝟐
𝟐



OLS SOLUTION

𝑊𝐿𝑆 = 𝑋𝑇𝑋 −1𝑋𝑇𝑌
• VERIFY DIMENSIONS

• COMPARE TO 𝑎 =
𝐶𝑂𝑉(𝑥,𝑦)

𝑉𝑎𝑟(𝑥)
 FOR 𝑑 = 1

• WHAT IF 𝑋𝑇𝑋 IS NOT INVERTIBLE?
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