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MAXIMUM LIKELIHOOD ESTIMATE

• MAXIMIZES THE PROBABILITY OF THE OBSERVATIONS GIVEN

THE PARAMETERS

• 𝜶𝑴𝑳 = 𝒂𝒓𝒈𝒎𝒂𝒙
𝜶

𝑷 (𝑿|𝜶)

• 𝜶𝑴𝑳 = 𝒂𝒓𝒈𝒎𝒊𝒏
𝜶

− σ𝑖 LOG𝑷 𝒙𝒊 𝜶

• FOR BIAS OF THE COIN

• 𝛼𝑀𝐿 =
𝑛0

𝑛0+𝑛1



MAXIMUM A POSTERIORI ESTIMATE

• MAXIMIZES THE PROBABILITY OF THE PARAMETERS GIVEN

THE OBSERVATIONS

• 𝜶𝑴𝑨𝑷 = 𝒂𝒓𝒈𝒎𝒂𝒙
𝜶

𝑷 (𝜶|𝑿)

• 𝛼𝑀𝐴𝑃 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝛼

−LOG 𝑃(𝛼) − σ𝑖=1
𝑛

LOG𝑷(𝑥𝑖|𝛼)



PRIOR VS POSTERIOR DISTRIBUTIONS

• P(𝛼) CAPTURES THE PRIOR DISTRIBUTION

• P(𝛼|𝑋) CAPTURES THE POSTERIOR DISTRIBUTION

• IN OTHER WORDS, 

• WE START BY A PRIOR BELIEF ABOUT VALUE OF 𝛼

• OUR BELIEF IS UPDATED AFTER SEEING SOME REAL DATA

• THIS IS A BAYESIAN APPROACH



• 𝑃 𝑦 𝑥,𝑊 =
1

𝛾
𝑒
−

𝑥𝑇𝑊−𝑦
2

2𝜎2

• 𝑃 𝑥 𝑊 = 𝑃(𝑥)

• INPUT: ( 𝑥1, 𝑦1 , … , 𝑥𝑛, 𝑦𝑛 ) I.I.D. SAMPLE

• EACH 𝑥𝑖 , 𝑦𝑖 IS DRAWN ACCORDING TO P(X,Y)

• MAXIMUM LIKELIHOOD ESTIMATE FOR W?



ML ESTIMATE





A PROBABILISTIC MODEL FOR REGRESSION

• 𝑃 𝑦 𝑥,𝑊 =
1

𝛾
𝑒
−

𝑥𝑇𝑊−𝑦
2

2𝜎2

• 𝑃 𝑥 𝑊 = 𝑃(𝑥)

• MAXIMUM LIKELIHOOD SOLUTION FOR THIS PROBABILISTIC

MODEL IS THE SAME AS LS SOLUTION.



MAXIMUM A POSTERIORI AND RLS 

• 𝑃 𝑦 𝑥,𝑊 =
1

𝛾
𝑒
−

𝑥𝑇𝑊−𝑦
2

2𝜎2

• 𝑃 𝑥 𝑊 = 𝑃(𝑥)

• 𝑃(𝑊) =
1

𝛽
𝑒−𝜆 𝑊 2

2



MAP ESTIMATE





EXPECTED ERROR MINIMIZATION

• SQUARED LOSS

• 𝒍 ෝ𝒚, 𝒚 = 𝒚 − ෝ𝒚 𝟐

• EMPIRICAL/TRAINING LOSS FOR 𝑍 = 𝑥𝑖 , 𝑦𝑖
𝑖=1

𝑛

• EXPECTED LOSS

𝑳 = 𝑬 𝒙,𝒚 ~𝑷(𝒙,𝒚)𝒍 ෝ𝒚(𝒙), 𝒚



REWRITING THE EXPECTATION



EXPECTED ERROR MINIMIZATION

• ASSUME WE KNOW 𝑃 𝑥, 𝑦

• 𝒚∗ 𝒙 = 𝒂𝒓𝒈𝐦𝐢𝐧ෝ𝒚 𝑬𝒙,𝒚 𝒚 − ෝ𝒚 𝒙
𝟐
=?





EXAMPLE

• 𝑃 𝑦 𝑥,𝑊 =
1

𝛾
𝑒
−

𝑥𝑇𝑊−𝑦
2

2𝜎2

• 𝑃 𝑥 𝑊 = 𝑃(𝑥)



THE MARGINAL DISTRIBUTION MATTERS

• IN PRACTICE, WE DON’T KNOW 𝑃(𝑋, 𝑌)

• ALSO, IT IS HARD TO ESTIMATE 𝐸(𝑌|𝑋) FOR EVERY 𝑋

• BUT WE CAN AIM TO ESTIMATE 𝐸(𝑌|𝑋) “WHERE IT MATTERS”

• EVEN FOR THE SAME 𝑃(𝑌|𝑋),  𝑊1 OR 𝑊2 MAY COMPARE

DIFFERENTLY DEPENDING ON 𝑃(𝑋)

• EXAMPLE?



THE MARGINAL DISTRIBUTION MATTERS
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